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A generic framework is presented for representation of the solid-liquid phase behavior
of multicomponent ionic systems with and without compound formation. Isothermal
isobaric phase behavior is represented in form of digraphs. The invariant points in the
composition space are identified as vertices of the digraph. These vertices are connected
by edges identified from the adjacency matrix, which is constructed by using a set of
generic rules based on Gibbs phase rule. These edges form the boundaries of high-di-
mensional saturation varieties, which are identified from the saturation variety matrix.
For graphical representation, the number of independent coordinates is calculated and a
suitable set of coordinates is developed. Projections are used to view high-dimensional
phase diagrams in their entirety and to simplify the analysis of the phase behawvior.
Potential applications of this framework include facilitation of experimental develop-
ment and computer-aided design of crystallization-based separation processes.

Introduction

lonic systems are encountered in a number of industrially
important processes. Crystallization-based separations,
wastewater treatment, seawater desalination, hydrometallur-
gical processes, and phase-transfer catalysis are a few exam-
ples. More specifically, a wide variety of inorganic salts are
separated by crystallization-based techniques. For example,
minerals such as borax, potash, sodium carbonate, and sodium
chloride are crystallized from brines (Mehta, 1988; Jongema,
1993; Efraim et al., 1996). Sodium tripolyphosphate is precip-
itated from solutions of soda ash and orthophosphoric acid
(Ainsworth, 1994). Of equal importance is the crystallization
of organic salts to resolve optically active fine chemicals and
pharmaceuticals (Paul and Rosas, 1990; Meul, 1992; Stinson,
1994; Schroer et al., 2001).

Clearly, the solid-liquid phase equilibria of ionic systems
are of great importance for research and development in the
chemical industry. For this reason, over the years, many au-
thors have treated this subject in detail. The focus has been
on experimental and theoretical development of thermody-
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namically consistent models and correlations (Meissner and
Tester, 1972; Pitzer, 1973, 1975; Meissner and Kusik, 1973,
1979; Fuyuhiro et al., 1979; Sander et al., 1986; Nicolaisen et
al., 1993; among others), and computer-aided simulation (Liu
and Watanasari, 1999; Rafal et al., 2000). During the synthe-
sis stage of process development, the design engineer has to
generate and evaluate alternative process flowsheets. Synthe-
sis of process flowsheets relies heavily on the insights ob-
tained from visualization and analysis of the phase behavior
of the system under consideration (Berry and Ng, 1996; Cis-
ternas, 1999; Wibowo and Ng, 2000). Therefore, representa-
tion of the phase behavior of ionic systems, especially that of
high-dimensional multicomponent systems, is an area of great
importance from process synthesis point of view. However,
this area has received little attention.

The objective of this article is to fill in this void with a
systematic framework. It builds on the idea of representing
high-dimensional solid-liquid phase diagrams in the form of
directed graphs (digraphs) and associated matrices. In the
following section, we summarize the basic concepts behind
the framework. Then, we discuss the extensions to high-di-
mensional ionic systems. The issues addressed are thermody-
namics, graphical representation, generation of digraphs, and
identification of saturation varieties. These ideas are illus-

Vol. 47, No. 4 861



trated with three examples. The first two examples deal with
ideal simple ionic systems. The third example considers a sys-
tem with compound formation. Finally, we demonstrate the
use of the framework for synthesizing crystallization process
flowsheets with an industrial process.

Summary of Adjacency Rules

The central idea is to represent the phase behavior in the
form of directed graphs (digraphs). This idea was used earlier
by Samant et al. (2000) for high-dimensional molecular solid-
liquid phase diagrams. Following is a summary of the defini-
tions and rules related to this representation.

A graph, G =(V, E), is a discrete mathematical model con-
sisting of a set of vertices V and a set of edges E joining
these vertices. A digraph is a graph in which each edge e;; =
(v;, v)) has a direction from its “initial point” i to its “termi-
nal point” j. The main advantage of representing the phase
behavior in the form of digraphs is that the digraphs can be
represented in the form of matrices. This is particularly use-
ful for computer-aided generation and visualization of phase
diagrams for process synthesis. The most useful is the adja-
cency matrix defined as follows (Biggs, 1993).

Definition: (Adjacency Matrix, A = (a;;), of a digraph G)

if G has a directed edge e;; = (v;,1;)

1
i = {0 else @

The row and column headings of the adjacency matrix corre-
spond to the vertices of the digraph. This matrix contains
information on how these vertices are connected, or in other
words it indicates the edges of the digraph. It is constructed
by using the following set of rules:

Rule 1. y; is adjacent to v; (a;; = 1) if:

e u; has more components than v; and has all the compo-
nents in v;.

* All components saturated at v; are also saturated at v.

e y; has one additional saturated component.

Rule 2. u; is adjacent to v; (a;; = 1) if:

e y; and v; have the same number of saturated components.

 All the components saturated at v; are also saturated at v;.

Rule 3. y; is adjacent to v; (a;; = 1) if:

e u; and v; have the same components and the same number
of saturated components.

e All but one component saturated at v; are also saturated at
U;.
: These adjacency rules were derived earlier and the inter-
ested reader is referred to Samant et al. (2000).

Representation of Phase Diagrams
Solid-liquid phase equilibrium in ionic systems

Let us consider a system with m cations (M;, M,, ..
with positive charges of magnitudes (le, LAVITRNOY Zym)s N
anions (N;, N,, ..., N,) with negative charges of magnitudes
(zy, 2z, --» Zy), @nd one solvent 1. The criterion for
solid-liquid equilibrium is that the chemical potential of the
salt be equal to the sum of the chemical potentials of its con-

L M)
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stituents. Therefore, for example, in a solution saturated with

UM ZNj
salt S = vy Mo N; (here, — =—)
UN I,

1 N 1
LU 2)

Un Om  UmUn

The chemical potential of the ions is defined as (for example
for M,)

tg, = By, + RT In (v [Mi]) (3)
The asterisk superscript indicates that infinite dilution stan-

dard state (asymmetric normalization) is used. The asymmet-
ric molal activity coefficients are defined as (Pitzer, 1995)

fum.
£0Y i o Tl 4
fu([Mi1/[M?])
where the fugacity at the standard state is given by
f = lim _fw [M.]=0 (5
Mmoo [M1/IMRT s

[MP]=1 mol—kg~! and is used to cancel the dimensionality
of [M;]. The salt is in solid phase. Therefore, ug = ug. Using
these definitions in Eq. 4, we can write for a solution satu-
rated with salt S

(v LMD (i [N ])

[ 1
=exp P

RT

K, | M MS)
_J’___

o] Om

UmON

Ks=Ks"(T) )

The expression on the lefthand side K¢ is the ionic product
of salt S (product of ionic activities). The expression on the
righthand side KEP(T) is the solubility product of salt S. The
criterion for solid-liquid equilibrium is simply the equality of
the ionic and solubility products at the specified temperature
and pressure. When K¢ < KgP, the solution is unsaturated
with salt S. Equilibrium criteria for other salts can also be
obtained similarly. For example, let us consider the case of
solvate formation. For a salt S=uy My N;-kl, at equilib-
rium

M My kp Mg
SR A Q)
UN Om UmUN  UmUn
For the solvent 1, the chemical potential is defined as
= wi + RTINCy x,) (®)

Superscript o indicates that the pure solvent standard state
(symmetric normalization) is used. With this additional defi-
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nition, the solubility product expression takes the following
form

O L

OUn Um  UmUn UmUn

Kg=K(T) )

Note that the above expressions are on a one-equivalent ba-
sis in order to avoid raising the activity coefficients and mo-
lalities to high powers. To calculate the solid-liquid phase be-
havior of an ionic system by using these equations, we need
data on the solubility products and a thermodynamic model
for activity coefficients. Adequate data on solubility products
of many salts can be obtained from sources such as Linke
and Seidell (1965), Silcock (1979), and Zemaitis et al. (1986).
A thermodynamic model and associated parameters may not
be available for many systems. In such cases ideality (or any
suitable approximation) may be assumed as a starting point.

Graphical representation

In this subsection, let us discuss the various means of
graphical representation of the phase behavior of high-di-
mensional ionic systems. We are primarily interested in the
isothermal isobaric phase behavior of systems with two or
more cations and anions and one solvent.

Let us revisit the system of m cations, n anions, and one
solvent |. Consider first the case of a simple ionic system in
which no compounds (solvates or multiple salts) are formed.
The m cations and n anions can form a total of mn simple
salts. Therefore, we have a total of ¢ = mn+1 components.
Let us now construct the invariance matrix B for the system
(Waller and Mdkild, 1981). The column headings of this ma-
trix are the components (mn salts and 1 solvent) and the row
headings are the reaction invariants (in this case m+ n ions
and 1 solvent). The matrix entries are the stoichiometric co-
efficients. For example, for a simple ionic system A™*, B*,
X7, Y 7, I (salts AX, AY, BX, and BY), the invariance ma-
trix B is

|AX AY BX BY

|
AYl1 1 0 o0 o
B*[0 0 1 1 0 (10)
X1 0o 1 0 0
Y| o 1 0 1 0
llo o o o 1

It can be shown (see Appendix A) that for any system,
rank(B) = m + n. Therefore, we can have r =c —rank (B) =
(m—1)(n—1) independent reactions describing the system.
For the above system, we have the following independent re-
action [r=2-12-1=1]

AX + BY = AY + BX (11)
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At thermodynamic equilibrium, the presence of r indepen-
dent reactions reduces the dimensionality of the phase dia-
gram by r. Therefore, instead of ¢ —1 mole fraction coordi-
nates, we will need ¢ —r —1 independent coordinates to rep-
resent the phase behavior graphically.

Now let us consider the case of compound formation. The
compounds are formed between two or more salts and /or the
solvent. Each compound formed increases the number of
components by one. Also, the formation of each compound
can be written as one independent reaction. Therefore, the
number of independent reactions also increases by one,
thereby conserving the dimensionality of the system and the
number of independent coordinates.

Before proceeding further, a brief discussion on the inde-
pendent coordinates is in order. The nature of these coordi-
nates will depend on the reaction invariants we choose as the
row entries to the invariance matrix. For example, a certain
choice of invariants will lead to the transformed mole frac-
tion coordinates of Ung and Doherty (1995a). Another choice
will lead to the element mole fractions of Pérez Cisneros et
al. (1997). The choice of the invariants is dictated by the suit-
ability to the application or some constraints imposed by the
equilibrium equations. For example, the transformed mole
fraction coordinates are suitable for describing the equilib-
rium phase behavior of molecular reactive systems (Ung and
Doherty, 1995b; Berry and Ng, 1997; Samant and Ng, 1998),
and the element mole fractions are useful for reactive flash
calculations. Whatever the choice of the invariants, the re-
sulting independent coordinates share the following proper-
ties:

e They are independent of the extents of reactions.

e One set of coordinates is an algebraic function of an-
other set of coordinates (the functionality depends on the
system under consideration). For example, for a given system,
the element mole fractions of Pérez Cisneros et al. can be
expressed as algebraic functions of the transformed mole
fractions of Ung and Doherty.

Now let us move on to the problem of selecting the inde-
pendent coordinates for ionic systems. Here, as seen in the
previous subsection, the thermodynamic information is avail-
able in terms of solubility products which are equated to the
ionic products (products of molal ionic activities). Therefore,
it is natural and extremely convenient to express the indepen-
dent coordinates as functions of molal ionic concentrations.
Note that this is the reason we chose the ions and the solvent
as the invariants (row headings of the invariance matrix). The
following choices may be made for the c—r—1=m+n-1
independent coordinates.

e m—1 coordinates related to the cation compositions

ZMi[Mi]

R( Mi) = En=1ZM,[ Mj]

i=1,...m-1, (12)
e n—1 coordinates related to the anion compositions

R(N)= i=1,...,n=1,and (13)

Z}leNj[ NJ-]
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e 1 coordinate related to the solvent composition

1 B 1 B 1
s ij=1ZMj[Mj] ZJU=1ZNJ'[N1] .

(14)

R(M,) may be interpreted as the cationic equivalent fraction
of M;, R(N;) as the anionic equivalent fraction of N;, and 1/s
as the mass of solvent per equivalent of the salts. Note that
this is by no means the only set of independent coordinates
that can be used. Many other sets could be constructed.
However, this choice is preferred as it preserves the linearity
of material balance equations (see Appendix B). An interest-
ing aspect to note is that for this coordinate scheme, the sol-
vent coordinate 1/s is not bounded.

As discussed above, the isothermal isobaric phase diagram
has c—r—1=m+ n—1 dimensions. For m+ n> 4 (which
is always the case as m> 2 and n> 2), these phase diagrams
cannot be plotted in two dimensions in their original form. In
order to plot them in two dimensions, we need to reduce the
dimensionality through proper use of projections. The differ-
ent ways in which this can be done are shown in Figure 1.

For m + n > 4, to make the graphical representation more
useful, the solvent coordinate (1/s) is eliminated first. This
can be accomplished by an orthogonal projection of the origi-
nal phase diagram. Elimination of the solvent coordinate re-
duces the dimensionality by one to m + n—2. Therefore, this
projection can be plotted in two dimensions only for systems
with m+n=4 (m=2, n=2). For m+n>25, it is still not
possible to plot the phase diagram in two dimensions. In this
situation, we can plot the phase diagram as a set of projec-
tions; each projection is plotted by neglecting the molal com-
positions of all but two cations and two anions. We can plot a
total of (') (3) projections. As we will see later with the aid of
examples, on any one of these projections, the saturation va-
rieties corresponding to the salts formed entirely by the ig-
nored ions cannot be seen. However, the information regard-
ing these saturation varieties is not lost as they appear on
other projections.

Isothermal Isobaric Phase Behavior
(m+n-1) dimensions
for m+nz4

Elimination of Solvent Coordinate

|

Solvent-less Projection
(m+n-2) dimensions
form+nz5

Elimination of Ionic Compositions

Two Dimensional Projections

(o))
)\ 5 Projections

Each projection is plotted by considering the molal compositions of

two cations and two anions.

Figure 1. Graphical representation of phase diagrams.
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Constructing the digraphs

The systematic procedure for constructing the digraphs is
described below. We denote the isothermal isobaric phase
diagram of a multicomponent ionic system by a digraph G}
= (Va7 ,E};). Subscripts P and T indicate constant pressure
and temperature, respectively. The superscript | refers to
ionic systems.

Identification and Location of the Vertices: Simple lonic Sys-
tems. Let us return to the system of m cations, n anions,
and one solvent. According to Gibbs phase rule, at a speci-
fied temperature and pressure, the maximum number of salts
that can precipitate togetheris p=c—r—1=m+n—1. The
saturation varieties where m+ n—1 salts are saturated will
occur as vertices [f =c—(p+1)—r=0]. These vertices can
easily be identified by applying the following screening crite-
ria to all (,,.,_,) combinations of m+ n—1 salts out of the
possible mn:

Criterion 1.
in the system.

Criterion 2. Any pair of saturated salts must either have a
common ion or must be compatible.

The compatibility test for a salt pair is given in Appendix
C.

There are additional vertices that correspond to saturation
varieties where lesser number of salts are saturated. How-
ever, as f = 0 at any vertex, these vertices have lesser number
of ions. For example, vertices where m + n —2 salts are satu-
rated must contain one less ion than the vertices where m +
n—1 salts are saturated and vertices where m+ n—3 salts
are saturated must contain two less ions than the vertices
where m+ n —1 salts are saturated. To identify vertices with
m + n —2 saturated salts, we delete each cation and each an-
ion in turn and again screen all m({', Y% )+ n(n, 2} ) com-
binations using the above criteria. This procedure is repeated
to identify vertices with still lesser number of saturated salts
by deleting the requisite number of ions. Note that while re-
moving the requisite number of ions from the system, care
must be taken to keep at least one cation and one anion in
the system.

The location of a vertex refers to the value of the inde-
pendent coordinates associated with the vertex. These loca-
tions are determined by using the solubility product informa-
tion at the specified temperature. The algorithm for locating
the vertices is given in Table 1. If a thermodynamically con-
sistent model is not available for predicting the activity coef-
ficients, ideality may be assumed.

Identification and Location of the Vertices: Systems with
Compound Formation. For systems with compound forma-
tion, solvates and multiple salt compounds can exist. How-
ever, as each additional compound is a result of an additional
reaction, the maximum number of salts that can precipitate
remains the same and equal to m+ n—1. Vertices where m
+ n—1 salts are saturated must contain all the ions in the
system. Along similar lines, vertices where m + n —2 salts are
saturated must contain one less ion than the vertices where
m+ n—1 salts are saturated, and so on. In this case, how-
ever, no simple screening criteria can be used for identifica-
tion of the vertices. The tasks of identification and location
are performed simultaneously by using the screening algo-
rithm given in Table 2. To use this algorithm, all the com-

All ions under consideration must be present
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Table 1. Algorithm for Location of Vertices € Vg, for
Simple lonic Systems

Table 3. Algorithm for Calculation of Edges € E};
using a Thermodynamic Model

e Consider a system of m cations (M;, M,, ...,
(Ny, N,, ..., N, and one solvent.
e Consider a vertex € V{1, at which the system has p (1< p<
m) cations (M;, M,, ..., Mp), g (1<g=<n) anions (N, Nz,
» Ng), and the solvent. ([Mp+1]— - =[Mp]=[Ng; 1=
7[N ]— 0).
e At this vertex, we have p+ q—1 saturated salts, p+ q vari-

M), n anions

e Consider an edge &j
cations (M;, M,, ..
solvent.

e Along this edge, we have p + q —2 saturated salts, p + q vari-
ables, and p+ q—1 equations (similar to the equations of
Tables 1 and 2).

e This edge will have at least one vertex (y;) at which an addi-
tional salt is saturated. We will start the calculation from this
vertex.

=(y, y) € Eqr along which we have p
M p) 4 amons(Nl, N, ..., Ng), and the

ables (M;], i=1, 2, ..., p, and [N;], i=1, 2, ..., g), and
p + g equations:
— p+ g —1 phase equilibrium equations
KiP = K/,
i=1,2, ..., p+q—1, for the saturated salts,
—One equation for electroneutrality of the system
Ll zy[MI=X 2 [N
(1) Initialize vy, i=1,2, ..., pand v, i=1,2, ..., q to unity.

(2) Pick initial guesses for [M;], i=1,2, ..., pand [N;]], i=1, 2,
.., g—1. Calculate [N,] from the condition of electroneu-
trality.

(3) Calculate vy, i=1,2, ..., pand ¥, i=1,2, ...
thermodynamically consistent model.

(4) Calculate the following p + q —1 functions: F(i) = K/ — K3?
(index i denotes a saturated salt).

(5) If |F|> e(a vector of set tolerances) then go to step 2 and
simultaneously update the values of the guesses. For updat-
ing the guesses, use Newton’s method with a finite difference
approximation to the Jacobian. Otherwise, go to step 6.

(6) Calculate the mdependent coordinates R(M)) (j=1, 2,
m-1), R(N) (j=1,2, ..., n—1), and 1/s.

, g using a

pounds that can possibly form in the pressure and tempera-
ture range of interest must be known. The equations to be

Table 2. Algorithm for Screening of Vertices € Vg, for Sys-
tems with Compound Formation

(1) Initialize vy, i=1,2, ..., pand v, i=1,2, ..., g to unity.

(2) Let the saturated salts be denoted by indices 1 to p+q—2
and the additional saturated salt in the vertex by index p+ q
-1

(3) Vary the molal composition of a suitable ion (denoted as
M, ) starting from [M 1,.. Follow the following steps for each

va?ue of M,. Stop When the other vertex u; is reached.

(4) Pick initial guesses for [M] |—1 2, ..., p—1and [N]
i=1,2, ...,q9-1 At[M v. use[M] (M, i=
2, ..., p— 1and[N]—f)N]U, i=1, 2, , q- 1 as |n|t|al

guesses. For other values of [Mp], use the values from the

previous calculation. Calculate [Nq] from the condition of
electroneutrality.

(5) Calculate vy, i=1,2, ..., pand ¥, i=1,2,
thermodynamically consnstent model.

(6) Calculate the following p + g —2 functions: F(i)= K — K$P,
i=1,2, ..., p+q—2.

(7) If |F|> e(a vector of set tolerances), then go to step 4 and
simultaneously update the values of the guesses. For updat-
ing the guesses, use Newton’s method with a finite difference
approximation to the Jacobian. Otherwise go to Step 8.

(8) For each solution, calculate the independent coordinates
R(M) (i=1,2, ..., m=1), R(N) (i=1,2, ..., n—1), and
1/s.

, g using a

® The system, the variables, and the equations are the same as
the algorithm of Table 1.

® In this algorithm, identification and location of vertices is
done simultaneously. Steps 2 to 6 locate the vertices as was
done in the algorithm of Table 1. The additional steps, step 1
and step 7, perform the task of identification.

1) Consider all combination of p+ g —1 salts that can be satu-
rated. For each combination follow steps 2 to 7.

(2) Initialize vy, i=1,2, ..., pand ¥, i=1,2, ..., q to unity.

(3) Pick initial guesses for [M;], i=1,2, ..., pand [N;], i=1, 2,
.., —1. Calculate [N,] from the condition of electroneu-
trality.

(4) Calculate vy, i=1,2, ..., pand v, i=12, ...
thermodynamlcally con5|stent model.

(5) Calculate the following p + q —1 functions: F(i) = K/ — K$P
(index i denotes a saturated salt).

(6) If |[F|> e(a vector of set tolerances) then go to step 3 and
simultaneously update the values of the guesses. For updat-
ing the guesses, use Newton’s method with a finite difference
approximation to the Jacobian. Otherwise go to step 7.

(7) If the solution is consistent, accept the vertex and calculate
the |ndependent coordmates R(M) (j=1, 2, ..., m—1),
R(N) (j= —1), and 1/s A consistent solution is
one for WhICh the foIIowmg conditions are satisfied in addi-
tion to the condition of step 6:

e [M;]and [N;] are positive Vj.

, g using a

. K]-' < K;P, Vj where index j denotes an unsaturated salt.

AIChE Journal April 2001

solved are the same as the algorithm of Table 1. The differ-
ence lies in steps 1 and 7, which perform the task of screen-
ing (identification); while steps 2 to 6 perform the task of
locating the vertices as before. The use of the screening algo-
rithm for all m+ n ions gives the vertices with m + n—1 sat-
urated salts, for all combinations with m+n—1 ions gives
the vertices with m + n — 2 saturated salts, and so on.

For all systems (with or without compound formation), the
vertices are labeled after the salts that are saturated. The
unsaturated salts and the solvent are written as subscripts.

Identification and Calculation of the Edges. Once all the
vertices are identified and located, the adjacency matrix can
be constructed by using the adjacency rules discussed before.
The edges can be identified by reading across the rows of the
adjacency matrix. For accurate graphical representation of the
phase behavior, it is essential that the edges thus identified
are calculated as accurately as possible. The algorithm for
calculation of the edges is given in Table 3. Again, in the
absence of a thermodynamic model for activity coefficients,
ideality may be assumed.

ldentification of saturation varieties

The edges of the digraph form the boundaries of various
saturation varieties. For conceptual design of crystallization-
based separation processes, it is sufficient to just identify these
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saturation varieties. For more quantitative design methods,
we need to express them in the form of algebraic equations
(Pressly and Ng, 1999). However, it is not apparent from the
adjacency matrix, which saturation varieties are bounded by
which edges. For this purpose, the saturation variety matrix is
more useful. The row headings of this matrix correspond to
the saturation varieties and the column headings correspond
to the vertices of the corresponding digraph. This matrix can
be formally defined as follows:

Definition. (Saturation Variety Matrix, S = (s;;))

1 if vertex u; lies on the saturation variety

Sij = represented by row i (15)
0 else

For a given digraph, the saturation varieties that are present
are obtained from the components saturated at the vertices
and along the edges. For example, as we will see later, vertex
AX, implies the presence AX-saturation variety and edge AX
AY BXgy, — AY BX BY, x, implies the presence of AY BX —
double saturation variety. To construct S, first the vertices
are listed as column headings and all the saturation varieties
are listed as row headings. The matrix is then constructed as

1 if all components saturated in the row heading
8 = are also saturated in the column heading
0 else (16)

Once the saturation variety matrix is constructed, the satu-
ration varieties on the phase diagrams can easily be identi-
fied by reading across its rows. When the composition of a
process stream is known, we can identify the components that
are saturated in this stream from the saturation variety this
stream lies within.

With these tools, the framework for representation of
high-dimensional phase diagrams of multicomponent ionic
systems is complete. We are now in a position to visualize
these phase diagrams for process synthesis. Let us consider a
few examples to illustrate the framework. Before proceeding,
we would like to point out that thus far, we have focused our
attention on solutions of strong electrolytes. The framework,
however, is also applicable to more complex ionic systems as
discussed in Appendix D.

Examples
Example 1: quaternary conjugate salt system

To set the stage, let us begin with a simple example of a
quaternary conjugate salt system. The system comprises
cations AT, BT (m=2), anions X, Y~ (n=2), and solvent
I. The ions can form four simple salts, viz., AX, AY, BX, and
BY. We will refer to these salts as S1, S2, S3, and S4, re-
spectively, for the sake of convenience. The system is as-
sumed to behave ideally. The solubility products for the four
salts at 298.15 K and 1 atm are listed in Table 4. Let us first
construct the digraph for the isothermal isobaric phase be-
havior.
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Table 4. Solubility Products for Example 1 at 298.15 K

and 1 atm
Salt lonic Product Solubility Product
AX (81) [AT]IX™] 0.4
AY (S2) [A*IY"] 0.2
BX (83) [BYI[X™] 0.1
BY (S4) [B*IY~] 0.3

At 298.15 K and 1 atm, the solubility products are such
that KEHKEE < KEPKER. Therefore, salts S2 and S3 form the
compatible salt pair and salts S1 and S4 are incompatible.
The maximum number of salts that can precipitate from this
system is m+n—1=3. The vertices where three salts are
saturated must contain all four ions in solution. As salts S2
and S3 are compatible, we have two such vertices, S1S2S3g,,
and S2S3S4g,,. Vertices with two saturated salts will have
only three ions in solution. We can form four systems with
three ions in solution by deleting one ion in turn. Each of
these systems gives one vertex at which two salts are satu-
rated. These vertices are S1S2,, S1S3,, S2S4,, and S3S4,.
Vertices with one saturated salt will have only two ions in
solution (one cation and one anion). Therefore, these ver-
tices are S1,, S2,, S3,, and S4,. The locations of these ver-
tices are listed in Table 5. Note that for this system, the algo-
rithm of Table 1 can be used to express the locations of ver-
tices in the form of simple algebraic functions of the solubil-

Table 5. Locations of the Vertices for Example 1 at 298.15 K

and 1 atm
Location
Vertex R(A*) R(X7) 1/5
One Saturated Salt
1
s1, 1 1 =
S1
1
S2, 1 0 5
S2
1
S3, 0 1 5
S3
1
sS4, 0 0 N
Two Saturated Salts
S1S2 1 Kst !
! KS+K VKE+KE
S1S3 Kst 1 !
! KE+KSS VK +KEE
S254 Ksh 0 !
' K$+KSE VKE+KE
KEs 1
S354, 0 LK WoaamaTl
s3 TRy VK5+Ke,
Three Saturated Salts
§15253 KEP KSP R(AT)R(X™)
st KSP+KSE Kei+Kgh Ks§f
25354 KEp K R(AT)[1—R(X7)]
- K$+KSE KeE+Kgh Ksf
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Adjacency Matrix
S1; 52, §3; S4; 5152, S1S3; S254; S3S4; S1S283ey S253Sdgr
s1, 0o 0 o 0o 1 1 0 0 0 0
52, o 0 0 o 1 0 1 0 0 0
53; o 0 0 0 o 1 0 1 0 0
S4; 0 0 0 0 0 0 1 1 0 0
S1s2, 0 0 0 0 0 0 0 0 1 0
5183 0 0 0 0 0 0 0 0 1 0
5284/ 0 0 0 0 0 0 0 0 0 1
$354, 0 0 0o 0 0 0 0 0 0 1
§15283s;, 0 0 0 0 0 0 0 0 0 1
5253545, 0 0 0 0 0 0 0 0 1 0

Figure 2. Adjacency matrix for Example 1.

ity products as the system is ideal and all the ions are mono-
valent.

The adjacency matrix for the system is shown in Figure 2.
This matrix reveals a total of 13 edges. Note for example that
vertex S1S2, is adjacent to vertex S1S2S3g,, according to
rule 1 and vertex S1S2S3g,, is adjacent to vertex S2S3S4,,
(and vice versa) according to rule 3. Salts S1 and S2 are satu-
rated on edge S1S2, — S1S2S3g,, and salts S2 and S3 are
saturated on edge S1S2S3g,, — S2S3S4,,. These edges can
also be calculated as simple algebraic functions of the solubil-
ity products.

Let us now turn to the graphical representation of the di-
graph and identification of saturation varieties. The three in-
dependent coordinates (these coordinates were also used for
the locations in Table 5) are

and

1 1

s [A+]+[B+]' (17C)
The isothermal isobaric-phase diagram is three-dimensional
(3-D). As shown in Figure 1, the solvent coordinate is elimi-
nated to reduce the dimensionality by one. The solvent-less
projection of the phase diagram has two dimensions and can
be plotted easily as shown in Figure 3, which also shows the
saturation variety matrix. The saturation varieties are identi-
fied from the projection and the saturation variety matrix.
For example, the S1 saturation variety can be identified as
the area enclosed by the edges connecting S1,, S1S2,,
S1S283g,, and S1S3, and the S2S3 double saturation vari-
ety corresponds to the edge S1S2S3g,, — S2S3S4,,.

When the solvent is removed gradually from an unsatu-
rated (solvent-rich) process stream, depending upon the ini-
tial composition, different salts will start to crystallize. The
salt(s) that will precipitate first can be identified from the
2-D projections of the phase diagram and the corresponding
saturation variety matrix. For example, let us consider two
process streams P1 ((A*]=04,[B"]=0.1,[X"]=0.1, and
[Y"]1=04) and P2 [A*]=0.05 [B*]=045, [ X ]=0.125
and [Y~ ]= 0.375). Both the streams are unsaturated at 298.15
K and 1 atm. The locations of these streams are plotted on
the projection of Figure 3. Stream P1 lies on the S2 satura-
tion variety and stream P2 lies on the S3S4 double satura-
tion variety. Therefore, as the solvent is removed gradually
from these streams, salt S2 will precipitate first from stream
P1 and salts S3 and S4 will precipitate together from stream
P2. It must be noted that when the number of 2-D projec-
tions is greater than one, we need to plot the stream compo-
sition on each projection in order to uniquely ascertain which

[AT] saturation variety the stream composition lies on.
R(AY) = —————, 17a
(A) = TA 1[5 (17a)
(X ] Example 2: six salt simple ionic system
X~ . . . L
R(X )=—————, (17p) Now let us consider a more complicated simple ionic sys-
[XT]+[Y7] tem with cations A*, B2?*, anions X, Y2~, Z%~, and sol-
53, 8183 s1
‘ K o o7
# Saturation Variety Matrix
SISZSj’m ): L5182 S1; 827 S83; S4; S182; S183; $284; $354; S18283q4 S25354g:;
L ! S1-sat 1 0 0 0 1 1 0 0 1 0
S2-sat 0 1 0 0] 1 0 1 0 1 1
R(X ) S53-sat 0 0 1 0 0 1 0 1 1 1
L i S4-sat 0 0 0 1 0 (] 1 1 0 1
5152-double sat 0 0 0 0 1 0 0 0 1 0
354 P2 S5183-doublesat 0 6 0 @ 0 1 0 0 1 0
I S25354511 . p] B 5284-double sat 0 0 0 0 0 0 1 0 0 1
§354-double sat 0 0 0 0 (] 0 0 1 [i] 1
85253-double sat 0 0 0 0 0 0 0 0 1 1
4 5254 2
1 1 T
RA")
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Figure 3. Solvent-less projection and saturation variety matrix for Example 1.
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Table 6. Solubility Products for Example 2 at 298.15 K

and 1 atm
Salt lonic Product Solubility Product
AX (S81) [AT]X™] 0.4
A,Y (S2) [AT]Y?2 ¥ 0.2
A;Z (S3) [A*][Z3- 0.35
BX, (S4) [B2H [ X7 ] 0.1
BY (S5) [B2*+ ][y 2~ ]2 0.3
B,Z, (S6) [B2F [¥2[z%~ 1 0.05

vent |. The ions can form six simple salts, viz.,, AX, A,Y,
A;Z, BX,, BY, and B;Z,. We will refer to these salts as S1,
S2, S3, S4, S5, and S6, respectively. Let us consider the phase
behavior of the system at 298.15 K and 1 atm. The solubility
products for the six salts at this temperature and pressure are
listed in Table 6.

The compatibility test reveals that salts (S1, S6), (S2, S4),
and (S2, S6) form the compatible salt pairs. Using this infor-
mation, the vertices are identified and listed in Table 7. We
have a total of 26 vertices: 3 with four saturated salts, 8 with
three saturated salts, 9 with two saturated salts, and 6 with
one saturated salt. The locations of the vertices are calcu-
lated by assuming ideal behavior. In this case it is no longer
possible to express the locations as simple algebraic functions
of the solubility products.

The adjacency matrix (not shown for the sake of brevity)
reveals a total of 49 edges. For example, as we will see later
on the phase diagrams, vertex S1S2, is connected to vertex
S1S2S3, according to rule 1. Salts S1 and S2 are saturated
along this edge. Similarly, vertex S1S2S3S6g,q5, IS con-
nected to vertex S152S4S64,45, (and vice versa). Along this
edge salts, S1, S2, and S6 are saturated. The edges are calcu-
lated using the algorithm of Table 3.

The four independent coordinates used for graphical rep-
resentation of this system are

R(A*)=L, (18a)
[AT]+2[B?"]
R(XT) == [X:] —, (18b)
[X~]+2[Y2" ]+3[Z2%]
R(Y?™)=— Z[Y:_] s— . and (18c)
[ X7 ]+2[Y* ]+3[Z2°7]
1 1
- (18d)

s [AT]+2[B?Y]

The isothermal isobaric phase behavior has 4 dimensions. The
solvent-less projection obtained by elimination of the solvent
coordinate decreases the dimensionality to 3. This projection
can be plotted in form of a prism as shown in Figure 4. Each
rectangular face of the prism represents a quaternary conju-
gate salt system comprising of cations A*, B%*, and anions
X7, Y27, X7, 2% or Y27, Z%". Each triangular face repre-
sents a system of three salts with a common cation (A* or
B2%). Note that these triangular faces are equivalent to the
isothermal isobaric phase diagrams of molecular systems with
three solutes (the three salts) and one solvent (Samant et al.,
2000). The 6 vertices with one saturated salt form the vertices
of the prism (for example S1, and S4,). The 9 vertices with
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Table 7. Vertices for Example 2 at 298.15 K and 1 atm

One Salt Two Salts Three Salts Four Salts
S1, S1S2, S1S2S3, S152S3S6g,gs5,
S2, 5183, S1S2S4gs, S15254S64s¢5,
S3, S2S3, S1S3S6¢,, S2S4S5S64, 53,
S4, S4S5, S1S4S6g5,

S5, 5456, $253S6gy,

S6, S5S6, S2S4S5¢,,
S1S4, S2S5S645,
5285, S4S5S6,
$3S6,

two saturated salts lie on the nine bounding edges of the prism
(for example S1S4,). The 8 vertices with three saturated salts
lie on the faces of the prism; two each on the three rectangu-
lar faces (for example, S1S4S6g4,,) and one each on the two
triangular faces (for example, S1S2S3,). Finally, the 3 ver-
tices with four saturated salts lie within the prism (for exam-
ple, S1S254S64;45,) and are shown as filled squares. To sim-
plify the representation of the phase diagram, we need to
plot it in form of 2-D projections. We need three figures to
completely represent the above solvent-less projection in two
dimensions. These 2-D projections are shown in Figure 5. In
Figure 5a, we consider the molal compositions of cations A,
B2* and anions X, Y2~ ([Z%" ]is ignored). The two coordi-
nates therefore are

R(A*)=L, and (19a)
[A*]+2[B*"]

R(X‘)=—,[x_] e (19b)
[X“1+2[Y*"]

In effect, Figure 5a is the projection of the phase diagram of
Figure 4 onto the S1S2S4S5 face of the prism as viewed
through the S3-S6 edge. As [Z3~ ] is ignored, the saturation
varieties in which the only anion present is Z3(S3 satura-
tion, S6 saturation, and S3S6 double saturation) cannot be
plotted on this projection. However, the information on these
saturation varieties is not lost as they can be plotted on the

\ §15283,
/

\/SI 525456
S3SST

815284
. 5182,

ST

Figure 4. Solvent-less projection (prism diagram) for
Example 2.
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Figure 5. 2-0 projections of the priam disgram for
FISZR486 Exampla 2.
i i ) A% - B - X~ - r" projection; (B} A* =
B(F) B3 -y~ — 27 projesilon; f2) A% - BI* =yt o
Z% projection.
RI5IEI5G KI525T
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S1 s
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4 a |53
5 SO A
P BI5386 '
C w4 il
remaining two projections. The projections of Figures 5b and for Fi 5 R(A [A*]
5¢ do not consider [Y 2~ ] and [ X~ ], respectively, The coordi- or Figure 5c: R(A™) =

nates used are

[A*]+2[B*" ]

R(Y? )= 2]

(20b)

for Figure 5b: R(A+)=%,
_ [X~]
R(X™)= (20a)

AIChE Journal

[X~]+3[Z*" ]’

April 2001

2[y2=1+3[z3° ]

As before, the saturation varieties are identified from the
saturation variety matrix (not shown for the sake of brevity).
For example, the S2S3 double saturation variety is a surface

Vol. 47, No. 4
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Table 8. lonic Products for Example 3

Index Chemical Formula Salt Name lonic Product
S1 NaCl Halite (yiar[INa™ D(y&-[CI- D
S2 Na,SO, Thenardite (vfia+[Na* Dydo;-[SOF~ DV
S3 Na,S0O,-10 H,0 Mirabilite (yia+INa* Dydo2-[SOZ~ DY2(yy Xy )°
S4 KClI Sylvite (YEIKT DyE-I[CI~ D
S5 K,SO, Arcanite (v [K* Dydoz-[SO7 ™ DV
S6 NaK 4(SO,), Glaserite (yiiarINa* DY (vt - [KT D¥(yéo;-[SOF ~ DV?
bounded by edges connecting S2S3,, S1S2S3,, The maximum number of salts that can be saturated together

S1S2S3S6¢,g5,, and S2S3S6g,. This surface is shown as the
shaded region on Figures 4 and 5. The S2S4S6 triple satura-
tion variety is the edge connecting vertices S1S2S4S64;¢5,
and S2S4S5S6g,55,- This edge is shown as a bold dashed
curve on Figures 4 and 5.

Example 3: system with compound formation

As an example of the compound forming system, let us
consider the reciprocal salt system (Na*, K™ )CI~, SO27)—
H,0O. We want to consider the solid-liquid phase behavior in
the temperature range [273.15 K, 373.15 K]; the melting and
boiling points of water. The four ions form four simple salts
halite (S1), thenardite (S2), sylvite (S4), and arcanite (S5).
Within the temperature range, the system also forms two
compounds: a hydrate mirabilite (S3), and a double salt
glaserite (S6). The chemical formulae and the ionic products
of these salts are as listed in Table 8. The asymmetric molal
activity coefficients for the ions and the symmetric activity
coefficient for water are obtained using a simplified version
of the extended UNIQUAC-Debye-Hiickel model. The
model, its parameters, and the details of the discussion on
how these parameters are obtained is given by Nicolaisen et
al. (1993) and is not repeated here. Let us begin by construct-
ing the digraph for the isothermal isobaric phase behavior at
373.15 K and 1 atm.

The algorithm of Table 2 is used to screen the vertices
from all possible choices. The results are shown in Table 9.

Table 9. Vertices and their Locations at 373.15 K

(Example 3)
Location
Vertex R (Na*) R(CI7) 1/s
One Saturated Salt
Sly 1 1 0.152
S245w 1 0 0.168
4y 0 1 0.134
S5y 0 0 0.372
Two Saturated Salts
S1S245y 1 0.881 0.140
S4y, 0.517 1 0.105
S2S64355w 0.766 0 0.132
S5y 0 0.955 0.130
S5S65,53w 0.368 0 0.230
Three Saturated Salts
S1S2S6g35455w 0.607 0.869 0.104
S1S4S6g,5355w 0.529 0.915 0.099
S4S5S65;5053w 0.236 0.925 0.118
870
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is m+n—-1=2+2-1=3. At this temperature and pres-
sure, we have 3 vertices with three saturated salts, 5 vertices
with two saturated salts, and 4 vertices with one saturated
salt.

The adjacency matrix for the system is shown in Figure 6.
The edges are identified by reading across the rows of the
adjacency matrix. For example, vertex S2S6g;55, IS CON-
nected to vertex S1S2S64;¢455w; Salts S2 and S6 being satu-
rated on this edge. The edges are calculated using the algo-
rithm of Table 3.

The three independent coordinates for graphical represen-
tation are

R(Na+)=—[Na+] : (21a)
[Na®]+[K™]
R(C|7)=L, and (Zlb)
[Cl-]+2[s0z |
1 1
(21c)

s Na T+ [KT T

The solvent-less projection of the phase diagram is always
2-D. Figure 7 shows the solvent-less projection at 373.15 K.
The figure also shows the saturation variety matrix at this
temperature. The saturation varieties can be identified on the
phase diagram by reading across the rows of this matrix. For
example, edge S4S5,, — S4S5S6,5,53y represents the S4S5
double saturation variety and the S6 saturation variety is
represented by the edges connecting vertices S2S6g545 .
S5565,53w . S4S5S65;15553w . S1S4S6,5355w . and
S1S2S6g35455w - There are two interesting consequences of
compound formation that can be noted from this phase dia-
gram. First, salt S3 (Na,SO,-10H,0) is always unsaturated
at this temperature. Second, the composition corresponding
to salt S6 (NaK4(SO,),) (shown as the filled square on Fig-
ure 7) does not lie within its saturation variety. Such salts are
said to be incongruently saturated.

Evolution of Saturation Varieties. It is interesting to see
how compound formation influences the appearance and dis-
appearance of saturation varieties with increasing tempera-
ture €[273.15 K, 373.15 K] (Figure 8). Let us begin with the
phase diagram at 273.15 K (Figure 8a). At this temperature,
salt S2 is always unsaturated and the S6 saturation variety
lies completely within the composition space (region shaded
with dots). As the temperature increases, the locations of the
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Slw 0 0 0 0 1 1 0
S2s3w
Sdw
Ssw
S15253w
5184w
52865355w
5455w
5556s253w
S515256s35455W
5154863525355 W
S$45556515253w
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o o O = O 0O © o O o =

Adjacency Matrix

Slw  S2ssw  S4w SSw  S182s3w  S1S4w  S2S56ssssw S4S5w S5565253w  S15286s535455w  S15456s2s395w  S45556515253W

0 0 0 0 0

S O O O O O 0 © M o= O
o © o © O = O O = o o
O - OO O M O m o O O
- o = O O ©O = O & o o
S = O R R O 0 O © O ©

Figure 6. Adjacency matrix at 373.15 K for Example 3.

vertices change. Most notably, vertices S1S3S4g,g556y and
S3S4S64,5,55w Move towards each other. They annihilate
each other at 276.99 K, giving birth to two new vertices
with three saturated salts, viz., S1S3S6g,5455y and
S1S4S6g,5355w - As a result, for T > 276.99 K, the S6 satura-
tion variety is bounded by four edges instead of three as shown
in the phase diagram at 277.65 K (Figure 8b). As the temper-
ature increases further, the S3S5S6¢;4,5,y Vertex moves to-
wards the bottom. When it finally reaches the bottom at
279.09 K, two new vertices with two saturated salts are
formed. These vertices are S3S6g,45y, and S5S6g,55y . AS
the temperature increases beyond 279.09 K, these newly
formed vertices keep drifting apart, thus enlarging the S6
saturation variety as shown on the phase diagram at 283.15 K
(Figure 8c). As the temperature increases further, two events
occur simultaneously at 288.23 K. Vertex S1S3S6g,5455w
splits into two vertices S1S2S6g35,55y and S2S3S6g;g5455w
and vertex S1S3g,,, splits into S1S2,, and S2S3g,,. This
is the temperature at which S2 saturation variety first ap-
pears. As the temperature increases, the newly formed ver-
tices drift further apart. This enlarges the S2 saturation vari-
ety and diminishes the S3 saturation variety. On the phase
diagram at 298.15 K (Figure 8d), the S2 saturation variety is
shown as the region shaded with lines. At 303.05 K, vertices
S2S3S6g15455w» S3S6g,55n, and S2S3g,,, collapse into ver-
tex S3g,, to form vertex S24,, . At this temperature, the S3
saturation variety disappears completely. For T > 303.05 K,
salt S3 is always unsaturated as can be seen from the phase
diagram at 323.15 K (Figure 8e). The structure of the phase
diagram does not change any further as the temperature is
increased to the upper bound of 373.15 K (Figure 8f) al-
though the locations of the vertices and the edges change.

Application to Process Synthesis

The main advantage of this systematic method is the ease
with which it allows the design engineer to visualize and study
the phase behavior of high-dimensional ionic systems. In this
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section, we will discuss in detail the application of the frame-
work to the synthesis of a crystallization-based process flow-
sheet.

Let us consider the system of Example 3. We have two
feedstreams, stream L1 that is saturated with S3 (Na,SO,
10H,0) at 273.15 K and stream L7 that is saturated with S4
(KCI) at 298.15 K. The objective is to separate salts S1 (NaCl),
S2 (Na,S0O,), and S5 (K,SO,) as products using crystalliza-
tion. A feasible flowsheet for this task is shown in Figure 9.
This flowsheet is loosely based on the process suggested by
Efraim et al. (1996). The feedstream L1 is fed to crystallizer
C1. This crystallizer is operated at 373.15 K as an evaporative
crystallizer and salt S2 is removed as the product. The mother
liquor (L2) is then mixed with the recycle streams from crys-
tallizers C3 (L8) and C4 (L6) to form the feed to crystallizer
C2 (L4). C2 operates at 298.15 K as a cooling crystallizer and
salt S6 is separated as the product. The mother liquor from
this crystallizer (L5) forms the feed to crystallizer C4. This is
again an evaporative crystallizer operating at 373.15 K with
salt S1 being the solid product. The mother liquor (L6) is
recycled. Salt S6 separated from C2 is fed to the third crys-
tallizer with the second feed stream (L7) and excess solvent
(E3). C3 is a cooling crystallizer. It operates at 298.15 K and
separates salt S5. The mother liquor (L8) is recycled as men-
tioned before. The crystallizer operating temperatures and
stream data are listed in Table 10. Note that this flowsheet is
one of several feasible alternatives. It may not be the opti-
mal, both in terms of flowsheet structure and operating con-
ditions. Let us now turn our attention to how the phase dia-
grams are useful in constructing this flowsheet.

Figure 10 depicts the operation of the flowsheet. The oper-
ation of the evaporative crystallizers C1 and C4 is shown on
the phase diagram of Figure 10a (373.15 K) and the opera-
tion of the cooling crystallizers is shown on the phase dia-
gram of Figure 10b (298.15 K). Small filled circles and bold
material balance lines are used to depict the movements on
the phase diagram. At 273.15 K, feed stream L1 is saturated
with salt S3. If we go back to the phase diagram of Figure 8a,
this stream corresponds to the vertex S3g,,,. As we have seen
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S4W S154 S1
\[ T T T ™ W| L R B A W
S4S5 T i
w )
] S3W
I SIS4S6,, . cow S]S2S6S3S455W |
| 548586
SIS2S3W
r(Cr) ]
S 1 g b1 L R .
Ss., §556 5256 $2
$253W S385W S3W

R (Na*)

(a)
Saturation Variety Matrix
Slw S2gsw Sdw S5w S1S2ssw  S1S4w  S2S6ssssw  S4S5w  S5S6sasaw  S1S256szsassw  S1S4S6sesassw  S4S556s1sas3w

S1-sat 1 0 0 0 1 1 0 0 0 1 1 0
52-sat 0 1 0 0 1 0 1 0 0 1 0 0
S4-sat 0 0 1 0 0 1 0 1 0 0 1 1
S5-sat 0 0 0 1 0 0 0 1 1 0 0 1
S6-sat 0 0 0 0 0 0 1 0 1 1 1 1
S182-sat 0 0 0 0 1 0 0 0 0 1 0 0
S154-sat 0 0 0 0 0 1 0 0 0 0 1 0
5156-sat 0 0 0 0 0 0 0 0 0 1 1 0
5296-sat 0 0 0 0 0 0 1 0 0 1 0 0
54S5-sat 0 0 0 0 0 0 0 1 0 0 0 1
54S6-sat 0 0 0 0 0 0 0 0 0 0 1 1
S556-sat 0 0 0 0 0 0 0 0 1 0 0 1
515286-sat 0 0 0 0 0 0 0 0 0 1 0 0
S15486-sat 0 0 0 0 0 0 0 0 0 0 1 0
545556-sat 0 0 0 0 0 0 0 0 0 0 0 1

(b)

Figure 7. Solvent-less projection and saturation variety matrix at 373.15 K for Example 3.

before, at 273.15 K salt S2 is always unsaturated. However,
as the temperature is increased, the S2 saturation variety
gradually appears and the S3 saturation variety gradually dis-
appears. For T >303.05 K, salt S3 is always unsaturated.

872 April 2001

Therefore, in crystallizer C1, we can separate S2 as a prod-
uct (P1) from stream L1 by operating at T > 303.05 K and by
removing sufficient amount of water. The operating tempera-
ture is chosen to be the boiling point of pure solvent at 1
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Figure 8. Evolution of saturation varieties for Example 3.
Solvent-less projections at (a) 273.15 K, (b) 277.65 K, (c) 283.15 K, (d) 298.15 K, (e) 323.15 K, (f) 373.15 K.
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Figure 9. Flowsheet for separation of salts from the
system of Example 3.

atm. Note that streams L1, L2, and P1 all lie at the same
point on Figure 10a as the solvent coordinate is not plotted.

We have separated salt S2. The two other salts that re-
main to be separated are S1 and S5. The only other feed-
stream available is L7, which is saturated with salt S4 at
298.15 K (vertex S4,,). By mixing this feedstream with L2 at
a suitable temperature, we can move into the S5 saturation
variety and separate salt S5. However, then there is no way
to cross over from the S5 saturation variety to the S1 satura-
tion variety only by using temperature and solvent swings (we
do not have any other process streams left). Therefore, we

Table 10. Crystallizer Temperatures and Stream Data
for the Process of Figure 9

Crystallizer Operating Temperature
Cland C4 373.15K
C2and C3 273.15 K
Liquid Streams
Solvent
Stream [Na*] [K*] [CI"] [SOf"]1  Molar Flow
L1* 0.657 0.0 0.0 0.3285 1.0
L2 6.068 0.0 0.0 3.034 0.051
L3 2.276 1.659  1.723 1.106 0.179
L4 4.962 3103  6.839 0.613 0.776
L5 4.835 2720  6.839 0.358 0.776
L6 5.769 3.536 8.374 0.465 0.597
L7** 0.0 4671 4671 0.0 0.066
L8 0.772 2317  2.405 0.342 0.128
Vapor (Solvent) Streams
Stream Molar Flow
El 0.949
E2 0.179
E3 0.062
Solid (Salt) Streams
Stream Molar Flow
P1(Na,SO,) 0.0031
P2 (NaK 4(SO,),) 0.0018
P3 (K,SO,) 0.0028
P4 (NaCl) 0.0056

*Solution saturated with Na,SO,-10 H,O at 273.15 K.
**#3olution saturated with KCI at 298.15 K.
All flows are normalized with the solvent flow of stream L1.

st
5485 154
! L SI1S2_
T 515286 7
S38455W
R (Cr)
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* - s LI, L2, Pl
S5 5556 $286 §2
w S283W S3S5W S3W
R(Na*)
(@)

5, S45556 1525w 5184, SI,,
L7 T 1—'—\[ T N4
S4S5W S]S4S652S3S5W
Lo ;45 e S1S2S6S3S455W
L o
L8 £ 7 182
S3W
R(Cr) | §S283
P L3 /
r«——S§25356
S154S5W
(b) 298.15K
P3§5 . P L5 . K0 S3LI, L2
w 55S6SZS3 W S3S6SZS5 w S2w
R (Na*)
(b)

Figure 10. Operation of the flowsheet of Figure 9.

(a) Solvent-less projection depicting the operation of crystallizers C1 and C4 (373.15 K); (b) solvent-less projection depicting the operation

of crystallizers C2 and C3 (298.15 K).
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will not be able to separate S1. However, there is a way out.
As we have noted earlier, salt S6 is incongruently saturated.
Recall that the composition corresponding to S6 always lies
within the S5 saturation variety. If we mix L7 with salt S6 we
will be able to separate salt S5 at a suitable temperature.
Therefore, we need to separate S6 from L2 and in doing so
move the mother liquor composition closer to the S1 satura-
tion variety. This is done in crystallizer C2. As shown in the
phase diagram of Figure 10b, L2 is mixed with recycle streams
L8 and L6 to form L3. The composition of L3 lies within the
S6 saturation variety but is extremely close to the S1 satura-
tion variety. S6 is crystallized at 298.15 K as the product (P2)
and the mother liquor has the composition corresponding to
point L5. In crystallizer C3, S6 is mixed with feedstream L7,
and additional solvent (required to ensure co-precipitation
does not occur). The resulting composition (corresponding to
point P) lies within the S5 saturation variety. S5 is separated
(P3) at 298.15 K and the mother liquor (L8) is recycled.

Now let us go back to Figure 8. If we observe the evolution
of the S1 saturation variety, we can see that as temperature
increases, this variety expands to the left. Therefore, stream
L5 (which was within the S6 saturation variety but close to
the S1 saturation variety at 298.15 K) could lie in the S1
saturation variety at higher temperatures. Indeed, this is the
case as seen from Figure 10a. At 373.15 K, we can separate
salt S1 as the product (P4) with appropriate amount of sol-
vent being removed. The mother liquor L6 is recycled as dis-
cussed before. The operating temperature is chosen as 373.15
K as this is the boiling point of pure solvent at 1 atm pres-
sure.

Conclusions

Visualization of high-dimensional phase diagrams of multi-
component ionic systems is crucial for process synthesis. Al-
though much work has been done in the area of thermody-
namic model development and experimental validation, the
problem of representation of the phase behavior of solutions
of strong electrolytes has not received enough attention. In
this contribution, we have presented a systematic procedure
for this task.

The geometry of the phase diagrams in high-dimensional
composition space is captured in a digraph and its associated
matrices. A systematic procedure allows the user to generate
and plot these digraphs at any temperature and pressure us-
ing a set of independent coordinates. These coordinates are
shown to be similar in principle to the other transformed co-
ordinates in the literature. We have also suggested appropri-
ate use of projections to plot the phase diagrams. This allows
the user to study the phase behavior in its entirety, although
it is impossible to plot the high-dimensional phase diagram
on the plane of the paper.

The minimum information this framework requires is the
salts that can be formed in the range of temperatures and
pressures of interest, and their solubility products. This infor-
mation can be easily obtained from various standard sources
(Linke and Seidell, 1965; Silcock, 1979; Zemaitis et al., 1986).
If data on ionic activities for a thermodynamically consistent
model are for available, even more accurate phase diagrams
can be generated for process synthesis.
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Notation

A = (a;;) =adjacency matrix
B = (b;;) =invariance matrix
¢ =number of components
E =set of edges of a digraph
e;;=edge € E joining vertices v; and v
% =degrees of freedom
F =molar flow rate
F =transformed molar flow rate
G =digraph
i, j, k, p, g =indices
K, =ionic product for salt i
K P =solubility product for salt i
m =number of cations
[ M;]=molality of ion M;
M, =molecular weight of solvent |
n =number of anions
P =pressure
r =number of independent chemical reactions
R =universal gas constant

R(M)), R(N;) =independent coordinates related to ionic compositions

1/5s =independent coordinate related to solvent composition
S = (s;;) =saturation variety matrix
T =temperature
vy =vertex € V
X; =mole fraction of component i

Greek letters

v; = activity coefficient of component i
w; =chemical potential of component i
v; = stoichiometric coefficient of component i

Subscripts
e;; =along edge e;;
| =solvent

P =at constant pressure

T =at constant temperature
v; =0n vertex v;

W =water

Superscripts

| =ionic system
sat =at saturation
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Appendix A: Rank of the Invariance Matrix

Let us consider a system with m cations (M, M,, ..., M)
with positive charges of magnitudes (le, LAVIPRIOY sz), n
anions (N;, N,, ..., N,) with negative charges of magnitudes

876 April 2001

(le, Iy, oo an), and one solvent 1. There are mn simple
salts, S;, S,, ..., Sy, The invariance matrix for the system
takes the following form

S1 SZ Smn I
Ky=M; by, b1, D1 mn 0

KmEMm bml bmz bm,mn 0 (Al)
Kni1=N; bm+l,1 bm+1,2 bm+1,mn 0
Km+nE Nn bm+n,1 bm+n,2 bm+n,mn

| 0 0 0 1

The ions are renamed as K, to K, ., for the sake of conve-
nience. b;; represents the stoichiometric coefficient of ion K;
in salt S;.

Let us first ignore the row (and the column) corresponding
to solvent . The remaining part of matrix B can be written
as

b11 blZ bl,mn bI
g_| b= P2 P | _| P2 (A2)
brins B bcnmn | | 6T,
With this definition, we can write
Mc = BN¢ (A3)

Mc € RM+M*1 js a column vector of molal compositions of
the ions (Mc, =[K;D and No € R™"** is a column vector of
number of moles of salts per kg of solvent I. We can also
write the above equation as

MC,=[Ki]= biTNc (A4)
The condition of electroneutrality states that
m m+n
> ZKi[Ki] = X ZKi[Ki] (A5)
i=1 i=m+1
We can rewrite this equation as
m+n-1
Z ai[Ki]zam+n[Km+n] (A6)
i=1
where
Zi, fori=1,2,..., m,
;=1 — I, fori=m+1, m+2, ..., m+n-1, (A7)
Zy, fori=m+n.
Vol. 47, No. 4 AIChE Journal



Substituting from Eqg. A4, we get

m+n-1
T _ T
Z @by Ng = e nbpn 0 Ne
i=1
m+n-1

T __ T
= Z aibi = amn . nbpin
i=1

(A8)

This implies that the last row of matrix B can be expressed
as a linear combination of the first m + n—1 rows. Therefore
m+n—1 of the m+n rows of B are linearly independent
[rank (B)=m+ n—1].

Now let us consider the row (and the column) correspond-
ing to the solvent 1. Clearly, this row is linearly independent
of the others as the solvent does not contain any ions or salts.
Therefore, accounting for this row, a total of m+ n rows of
the invariance matrix B are linearly independent. Therefore,
rank (B)=m+n.

Appendix B: Linearity of Material Balance
Equations

Let us consider the system of m cations, n anions, and a
solvent. We have two liquid streams with molar flow rates F1
and F2 and compositions x"* and xF2, respectively. When
mixed, they form a stream with molar flow rate F3 and com-
position xF3. The material balance equations can be written
as

F1xP+ F2x™2 = F3x"

(B1)

For ions, the molalities are related to the mole fractions as
(for example for cation M,)

XMk
X M,

[Mc]= (B2)

Using these relations, the material balance equations can
be written in terms of molalities as

FIxFIM]T + F2xP2[m]™ = FaxPIm, ] i=1,2, ..., m,
FIxPFIN]™ + F2xP2 NP2 = FaxPo[N] P i=1,2,...,n,

F1+F2=F3. (B3)
To plot the phase diagrams, we use m+ n—1 independent
coordinates as discussed in the text. Let us write the material
balance equations in terms of these independent coordinates.
We will do this for one of the independent coordinates R(M;).
The analysis can be easily extended for the remaining coordi-
nates. For streams F1, F2, and F3, we can write

RFL(M,) = [ M1 RF2(M,) = M
Oz [ M) T IRz (M)
RFs( M) = M (B4)
Tz (M)

AIChE Journal

Using the material balance equations, we can write
RF3(M,) as

F3
RFI(M,) = ZMi[Mi] _
SNTY

ZM,FBXIFS[Mi]FS

ZE“:lz,\,ljF3x,F3[Mj]F3

2 FUT M + 2 F2xP2 M ]

Tz F3x[M]] 3

(BS)
Upon further rearrangement we get

m
a3 1]

RT3 (M;)

) ZMi[Mi]Fl
z

ot [ W]

m
=(|:1x,Fl X 2w [M]™
]

j=1

) ZMi[Mi]FZ
x

Tz [M]7

m
+(F2x,F2 X 2 [ M}]7
J

j=1
or F3RF¥(M,)=F1RFI(M,)+ F2RF2(M,). (B6)

F1, F2, and F3 as defined above are the transformed molar
flow rates. Similar analysis for the other independent coordi-
nates also yields the same transformed flow rates. In general,
the molar flow rates are transformed as

(B7)

Clearly, the transformation preserves the linearity of the
material balance equations and the lever rule is still valid.
However, the weights for the lever rule are transformed.

Appendix C: Compatibility of Salt Pairs

Consider a simple ionic system with cations M;", M, an-
ions N;, N, , and solvent I. The ions can form four salts
M, N; (S1), M;N, (S2), M, N, (S3), and M, N, (S4). Note
that we have considered all ions to be monovalent for the
simplicity of representation. The following arguments are
equally valid for simple ionic systems with multivalent ions.

There are two salt pairs (S1, S4) and (S2, S3) that do not
have a common ion. At the specified temperature and pres-
sure, one of these two salt pairs is compatible. Let us assume
that the pair (S1, S4) is compatible. The system will thus
have two vertices with three saturated salts, viz., v, =
S1S2S4g,, and v, = S1S3S4,,. From the SLE condition, at
vertex v,

K=K, K=K,

Kss <K Kgu=Kgh. (CL)
and at vertex v,

Ke = K&, Ksr <K,

Kss= K8 Kgi=Kgh. (C2)
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Note that at any composition

Ks|1K5|,4= Kslz Ksla (C3)
Using the above three equations, we get
KSPKsE < KSHKSE (C4)

Therefore, the compatible salt pair is the one for which the
product of the solubility products is lesser.

Appendix D: Note on Complex lonic Systems

In the main body of this article, we have focused our atten-
tion on solutions of strong electrolytes. In general, ionic sys-
tems can exhibit more complex behavior that may be catego-
rized as:

(1) Weak electrolytic systems

(2) Systems with complex intermediate ions

(3) Systems with dissociable solvent

Our framework for representation of phase behavior is not
limited to strong electrolytic systems. It is universally applica-
ble to systems with complex behavior as discussed in the fol-
lowing subsections.

Solutions of weak electrolytes

In solutions of weak electrolytes, the salts do not dissociate
completely. The solid phase consists of the salts and the lig-
uid phase consists of the solvent, the constitutive ions, and
the undissociated salts in molecular form. Let us reconsider
the system with m cations (M;, M,, ..., M,,) with positive
charges of magnitudes (le, T2V sz), n anions (N, N,,

-+, Ny) with negative charges of magnitudes (zy,, zy,, -,
zy), and one solvent I. Let us consider a salt S = vy Moy N;
that does not dissociate completely in solution. The criterion
for SLE is still the same (the chemical potential of the salt in
solid phase be equal to the sum of the chemical potentials of
its constituents). Therefore, for salt S, at saturation

Kg=Kg(T) (D1)

The liquid phase also contains the salt in molecular form.
Obviously, the chemical potential of molecular S in liquid
phase is the same as the chemical potential of the constituent
ions in the liquid phase. We can write the chemical potential
of the molecular S in liquid phase as

Bs lig = M3 1ig T RT In ('}’ék,nq[s]) (D2)
Here again, asterisk superscript indicates that infinite dilu-
tion standard state is used and the activity coefficients are
based on molalities. By equating the chemical potentials, we
can write

KS' 1
Yék,liq[s] RT

Mm,

& ES
e BN HSiig

N Om

UmUN

)] =K¢ (D3)

KJ is the dissociation constant for salt S.
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Incomplete dissociation of salts does not affect the invari-
ance matrix and its rank. It simply gives rise to additional
species (molecular salts in liquid phase) and additional equa-
tions of the above form corresponding to each of these
species. Therefore, the number and form of the independent
coordinates, the adjacency rules, generation of adjacency and
saturation variety matrices, and the compatibility test for salt
pairs all remain the same. The only change occurs in the al-
gorithms for calculation of the vertices and the edges of the
digraph.

For example, let us consider the algorithm of Table 1. We
are considering a vertex € Vg, at which the system has p
cations (M, M,, ..., Mp), g anions (N;, N,, ..., Nq), and
the solvent. (M, 1= =[M,1=[N, ;1= =[N,]=0).
At this vertex, we have a total of pg weakly dissociating salts
of which p+ q—1 are saturated. Therefore, we now have a
total of p+ q+ pq variables (M,], i=1,2, ..., p,[N], i=1,
2,...,0,and [S;], i=1, 2, ..., pg) that we have to calculate
by solving the following p + q + pq equations:

e p+ q—1 phase equilibrium equations for the saturated
salts

KSP =K/, i=1,2,...,p+q-1,

e pq dissociation equations for all salts

Ks,

Ké=——,
S V;,qu[si]

i=1,2,..., pg, and

e One equation for electroneutrality of the system

Zipzle,[ M= Z?:lzN,[ N ].

Systems with complex intermediate ions

Let us consider the above system again. Let us assume that
the system forms complex ions from its constituent ions, for
example, L =aMbN; (here a/b =+ ZNJ/ZMI). Only neutral
species can precipitate from the solution. Therefore, the SLE
equations stay the same. In addition, we have equations that
arise from equating the chemical potentials of the complex
intermediate ions to the corresponding sum of the chemical
potentials of their constituent ions. For example for the ion
L, we have

M Mnm I"LNJ'
LI . D4
ab b a (D4)
This gives rise to

v va 1 MT\k"i I wi
(vl M) (5[N] =eXp[_ﬁ(T+?J_E)

(D5)

=Kd

K is the dissociation constant for the intermediate ion L.
Each complex intermediate ion corresponds to an addi-

tional species which has an additional equation of the above

form associated with it. Therefore, these ions do not affect
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the invariance matrix and its rank, the number and form of
the independent coordinates, the adjacency rules, generation
of adjacency and saturation variety matrices, and the compat-
ibility test for salt pairs. As before, the only change occurs in
the algorithms for calculation of the vertices and the edges of
the digraph. In these algorithms, we now have to include the
complex intermediate ions and their dissociation equations.

Systems with dissociable solvent

In systems with dissociable solvent, we do not have to con-
sider the row and column elements of the invariance matrix
that correspond to the solvent. As the solvent dissociates,
these elements will be replaced by its constituent ions. If we
have a system with m cations, n anions, and one dissociable

solvent, we have a total of m+ n+2 ions. The rank of the
invariance matrix is then m+n+1 and we need a total of
m+ n independent coordinates to represent the phase be-
havior. The system has m+1 cations and n+1 anions.
Therefore, we can choose m coordinates related to the cations
and n coordinates related to the anions. The solvent coordi-
nate is no longer needed as it is accounted for in the above
m + n coordinates.

In the above discussion we have considered these complex-
ities independently. However, they can be present simultane-
ously in a system. These combinations can also be clearly
handled easily as shown. The framework for automatic gen-
eration of phase diagrams is valid for all systems.
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